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Abstract
We consider the acceleration of electrons in vacuum by means of the circularly-polirized electromagnetic
wave, propagating along a magnetic field. We show that the electron energy growth, when using ultra-
short and ultra-intense laser pulses (1 ps, 1018 W/cm2, CO2 laser) in the presence of a magnetic field,
may reach up to the value 2, 1Gev. The growth of the electron energy is shown to increase proportionally
with the increase of the laser intensity and the initial energy of the electron. We find that for some
direction of polarization of the wave, the acceleration of electrons does not depend on the initial phase
of the electromagnetic wave. We estimate the laser intensity, necessary for the electron acceleration. In
addition, we find the formation length of photon absorption by electrons, due to which one may choose
the required region of the interaction of the electrons with the electromagnetic wave and magnetic field.
We also show that as a result of acceleration of electrons in the vacuum by laser radiation in a magnetic
field one may obtain electron beam with small energy spread of the order δǫ/ǫ ≤ 10−2.
Keywords: Vacuum Electron Acceleration, High Intensity Laser.
1 Introduction
There has been a renewed interest to the topic
of high intensity laser-accelerated electron beam in
a magnetic field, after the high intensity lasers,
exceeding the values of the order 1018 W/cm2,
have appeared. The latter open the possibility for
multi-photon absorption and high-rate acceleration
of electrons regime (Kolomenski & Lebedev, 1962;
1963; 1966; Woodworth et al., 1996; Milantiev,
1997; Wang & Ho 1999; Hirshfield & Wang, 2000;
Milantiev & Shaar, 2000; Konoplev & Meyerhofer,
2000; Marshall et al., 2001; Stupakov & Zolotorev
2001; Singh, 2004; 2006; Cline et al., 2013; Galow
et al., 2013). Due to their compactness such accel-
erators may be used in various applied areas, where
the required energy of the electron beam is relatively
small (of the order 100MeV to 1 Gev). The laser
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acceleration of electrons in electromagnetic field, in
the presence of a magnetic field has been discussed
in numerous papers by means of numerical analyses
of the classical equations of motion of the electron.
In particular, the electron acceleration under the in-
fluence of the intense linearly polarized laser beam
in the presence of a magnetic field in vacuum due
to the ponderomotive forces has been considered in
(Woodworth et al., 1996). The dynamics of the elec-
trons in the case of the focused laser beam and plane
wave was considered on the basis of the numerical
calculations for the classical Hamilton equations. It
was also shown there, that for the case of a focused
laser beam the maximal energy gain of electrons can
be reached on the Rayleigh length.
During the process of electron acceleration in vac-
uum by means of the high intensity laser pulses
and in the presence of a magnetic field, the inter-
action strength between the electron with the ex-
1
ternal fields may become so strong, that to account
for the precise contributions of the resulting effects,
it is necessary to consider the exact solution of the
Dirac equation in these external fields (Redmond,
1965; Oleinik & Sinyak, 1975; Abakarov & Oleinik,
1973; Barber & Melikian, 1998). In this paper we
estimate the energy growth of the electrons in ex-
ternal fields, based on the analytical investigation
of the quasienergy spectrum of electrons obtained
in Barber and Melikian (1998), utilizing the exact
solution of the Dirac equation in these fields for an
arbitrary laser intensity.
Our paper is organized as follows. In sections 2
and 3 we show that during the interaction of an elec-
tron with a high intensity electromagnetic wave in
a magnetic field, a substantial energy growth may
happen due to the correction in the quasienergy
spectrum of the electron, proportional to the laser
intensity. As was shown in Barber and Melikian
(1998), the dependence of the quasienergy spectrum
of an electron on the polarization of the electro-
magnetic wave is crucial. In particular, for some
particular direction of the polarization of an elec-
tromagnetic wave, the acceleration of electrons in
vacuum by means of high intensity laser pulses in a
magnetic field, is not sensitive to the initial phase
of the electromagnetic wave. This has an essential
practical advantage for implementing the process of
acceleration.
We also show in sections 2 and 3 that the non-
linear in the wave field term in the expression for
the quasienergy, responsible for high rate of elec-
tron acceleration for intense laser pulses, has a sim-
ple physical meaning. An electron interaction with
the electromagnetic field in the presence of a mag-
netic field is equivalent to the scattering of the elec-
tromagnetic wave on electrons, bound by the mag-
netic field. Within the quantum theory, electrons
energy growth is the result of the momentum trans-
fer from photons to electrons during the process of
resonance photon absorption by electrons. It is clear
that the probability of the resonance transitions of
electrons (and, consequently, the energy growth) on
the photon absorption length formation is many or-
ders greater compared to the scattering of the elec-
tromagnetic wave on free electrons. Moreover, in
section 3 we consider the conditions necessary for
the process of multi-photon absorption by electrons.
To estimate the necessary region of the electron
interaction with the electromagnetic wave and the
magnetic field, we also find in section 3 the forma-
tion length corresponding to photon absorption by
electrons. We also estimate the laser intensity, nec-
essary for electron acceleration. These factors are
essential for the realization of the electron accelera-
tion by means of the laser pulses in a magnetic field.
In section 4 we show that due to electron accel-
eration in vacuum by means of high intensity laser
pulses in a magnetic field, one may generate an elec-
tron beam with small energy dispersion, of the or-
der δǫ/ǫ ≤ 10−2. Finally, in conclusion, we give an
overview of the obtained results.
2 Quasienergy electron spectrum.
Condition of radiation absorp-
tion by an electron.
The relativistic quantum states, as well as the
quasienergy spectrum of an electron in the field
of the circularly polarized wave of an arbitrary in-
tensity, propagating along a homogeneous magnetic
field, based on the exact Dirac solutions in these
fields, have been considered in (Redmond, 1965;
Oleinik & Sinyak, 1975; Abakarov & Oleinik, 1973;
Barber & Melikian, 1998). This allows to reveal
the specifics and various aspects of this interaction.
In particular, the quasienergy spectrum, which was
found in Barber and Melikian (1998) (without tak-
ing into account the anomalous magnetic moment of
the electron), is given by the following expression:
Qµq,n,ζ = q
µ +
kµ
(kQ)
|e|B(2n + 1 + ζ)
+ kµ
m2ξ2
2 ((kQ)− g|e|B) , (1)
We use here the following notations: Qµq,n,ζ is the
4-quasimomentum of the electron, i.e., the time av-
erage of the kinetic 4-momentum of the electron in
the state described by the quantum numbers n, ζ,
where n = 0, 1, 2, ... is the level number of the dis-
crete spectrum of the electron, in the direction per-
pendicular to the magnetic field ~B, and ζ = ±1 is
the projection of the electron spin onto the direction
of ~B. The components Q0q,n,ζ and Q
3
q,n,ζ are the
quasienergy and quasimomentum correspondingly.
We have also denoted by kµ(ω, ω~n) the 4-vector of
the electromagnetic wave, the frequency of the lat-
ter is denoted by ω, and the unit vector in the di-
rection of propagation of the wave is denoted by ~n.
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The parameter ξ = eE/mω is the parameter of the
wave intensity, and E is the amplitude of the elec-
tric field of the electromagnetic field. Finally, qµ is
the 4-momentum of the free electron, which corre-
sponds to the electron 4-momentum before entering
to the region of interaction with the external fields.
The values of g = ±1 determine the directions of
the right or left circular polarization of the wave.1
Some comments are in order. The second term
in (1) describes the interaction of an electron with
the magnetic field. If one considers the limit ξ → 0,
then, taking into account the relations q2 = m2 and
k2 = 0, one obtains from (1) the well-known result
for the electron energy in a constant magnetic field
(Berestetskii et al., 1982; Sokolov & Ternov, 1986):
(Q0q,n,ζ)
2 = (Q3q,n,ζ)
2 +m2 +mωc(2n + 1 + ζ), (2)
where ωc = eB/m.
The third therm in (1) describes the interaction
of an electron with the electromagnetic wave and
the magnetic field simultaneously. In particular,
taking the limit B → 0 one obtains from (1) the
well-known expression for the 4-quasimomentum of
the electron in the electromagnetic field (Berestet-
skii et al., 1982):
Qµ = qµ + kµ
m2ξ2
2(kq)
. (3)
Using the condition k2 = 0 one obtains from (1)
the relation (kQ) = (kq) and the following expres-
sion for the quasienergy of the electron, in the state
described by the quantum numbers n, ζ:
Q0q,n,ζ = q
0 + γ0ωc(2n+ 1 + ζ) +
mγ0ξ
2
δ
, (4)
where have denoted for brevity δ = 1− g 2γ0ωc
ω
, and
γ0 = (q
0+q3)/2m.
After injecting the electrons into a magnetic field,
they will occupy some interval of the quasienergy
levels Q0q,n,ζ , according to the spread of the values
corresponding to q0 and the quantum number n of
the electrons. It is clear from (1) that the spread on
the quantum number n can be determined according
to the spread of the electron velocity Ve on angles φ,
where φ is the angle between the electron velocity
~Ve and the z-axis.
1Everywhere, except when written explicitly, we use the
units where ~ = c = 1.
From the expression (4) it follows that the
quasienergy of the electron in external fields depends
essentially on the polarization g of the electromag-
netic field. It is clear from (4) that the corrections
to the quasienergy of the electron, which are pro-
portional to ξ2, will always be positive if the polar-
ization g = −1. Thus, by choosing appropriately
the direction of the polarized wave, the growth of
the electron energy will be independent on the ini-
tial phase of the electromagnetic wave. This is an
essential circumstance from the practical point of
view, when implementing the acceleration process.
3 Electron energy growth. Pho-
ton absorption length forma-
tion.
From the formulas (1) and (4) one sees that during
the interaction of the electron with the electromag-
netic wave and the magnetic field the energy growth
may happen as a result of two effects. First, it may
happen due to consecutive multiple resonance ab-
sorption of photons from the wave, during the tran-
sition between the quasienergies Qµq,n,ζ → Qµq′,n′,ζ .
Secondly, it may happen due to absorption of the s-
photons from the wave, as a result of the correction
to the electron energy, proportional to ξ2.
The resonance absorption of a photon from the
wave, with the 4-momentum kµ(ω,~k), may oc-
cur during the transition between the quasienergies
Qµq,n,ζ → Qµq′,n′,ζ , if the length of the interaction (see
Figure 1) between the electron and the laser beam
in the presence of a magnetic field is greater than
the formation length la of the absorption of a pho-
ton.
laser beam electron beam
!B
LM
z
Fig. 1. Schematic diagram of the electron acceleration
by laser radiation in the presence of a magnetic field.
LM is the length of the magnet.
Due to the energy-momentum conservation, one ob-
tains:
Qµq,n,ζ + k
µ = Qµq′,n′,ζ . (5)
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The changes of the quasienergy ∆Q0 and the
quasimomentum ∆Q3 of an electron are related
to the energy ~ω and the momentum ~kz of the
absorbed photon. Using the conservation of the
quasienergy-quasimomentum:
Q0q,n,ζ + ω = Q
0
q′,n′,ζ (6)
Q3q,n,ζ + ω cos θ = Q
3
q′,n′,ζ , (7)
and the relation, following from (1):(
Q0q,n,ζ
)2
=
(
Q3q,n,ζ
)2
+m2 +mωc(2n + 1 + ζ)
+
m2ξ2
δ
, (8)
we find the condition of the absorption of a photon
by an electron:
Q0q,n,ζ − (cos θ)Q3q,n,ζ +
ω sin2 θ
2
=
mωc(n
′ − n)
ω
.
(9)
Here, Q0q,n,ζ and Q
3
q,n,ζ are the initial quasienergy
and the z-component of the quasimomentum of the
electron, and θ is the angle of the laser beam propa-
gation, relative to the direction of the magnetic field
~B.
We stress that we have considered here only the
transitions between the quasienergies of the elec-
trons without taking into account the changes in
spin direction, since the probability associated with
such changes is ignorable (Berestetskii et al., 1982;
Sokolov & Ternov, 1986).
For the radiation absorption at optical or lower
frequencies, and for the relevant to our case values of
the angle θ ≪ 1, one can ignore in (9) the quantum
corrections, since:
~ω sin2(θ)≪ mc
2ωc(n
′ − n)
ω
. (10)
Thus, using the equation (4), and substituting Q3q,n,ζ
from (8) into (9), one can write the condition of the
photon absorption in the form:
ω ≃ ωc(n
′ − n)
γ
(
1− cos(θ)
√
1− 1
γ2
− ωc(2n+1+ζ)
γ2m
− ξ2
γ2δ
) ,
(11)
where we have introduced the notation:
γ =
Q0q,n,ζ
m
= γ0
[
1 +
1
4γ20
+
ωc(2n + 1 + ζ)
m
+
ξ2
δ
]
.
(12)
From the formula (11) one can easily obtain the
classical condition for the radiation absorption. In-
deed, considering the transitions for the main har-
monics corresponding to n′ − n = 1, disregarding
the quantum correction 2n~ωc/γ2mc2, and consider-
ing ξ2/γ2δ → 0, one obtains the well-known classical
condition for the radiation absorption (Kolomenskii
& Lebedev, 1962; 1963; 1966; Milantiev, 1997).
Since we are interested in the case for which θ ≪ 1
and γ0 ≫ 1, one can use the relations (kQ) = (kq),
as well as the formulas (9) and (11), to find the
approximate value of the difference∆Q0 = Q0q′,n′,ζ−
Q0q,n,ζ between the quasienergies of the electron:
∆Q0 ≃ 2γ0ωc(n
′ − n)
1 + θ2γ20
[
1 + ξ
2
δ
+ ωc(2n+1+ζ)
m
] . (13)
It is clear from this formula, that the difference ∆Q0
between the quasienergies is not equidistant, and is
decreasing with the increase of the quantum number
n. Due to this behavior we see that for the quantum
numbers n > ncr, where ncr is some critical value,
one will have ∆Q0 < ~ω. The latter means that the
condition of the resonance absorption of a photon
breaks down, and, as a result, the process of electron
acceleration stops. We stress that ∆Q0, according
to the formula (13), does depend on the intensity
parameter ξ, unless θ = 0.
Let us also emphasize, that according to the for-
mulas (6) and (7):
Q0q′,n′,ζ −Q0q,n,ζ =
Q3q′,n′,ζ −Q3q,n,ζ
cos(θ)
, (14)
and, therefore, in the case when θ ≪ 1, the growth
of the electron energy mainly occurs along the z-
axis. This is in complete agreement with the fact
that during the photon absorption the electron re-
ceives not only the energy, but also the momentum
of the photon, along the direction of the z-axis.
From the condition for the photon absorption
(13) it follows that besides the main harmonics
n′ − n = 1, which corresponds to the classical
physics, there are also possible the transitions with
n′ − n≫ 1. The probabilities of the quantum tran-
sitions with n′−n≫ 1 has been obtained and stud-
ied in (Abakarov & Oleinik, 1973). It has been
shown there, that if the quantum transition oc-
cur under the influence of the pulsed electromag-
netic field with the vector potential of the form
A = aexp(−τ2/τ20 ) cos(ωt) (where τ0 is the duration
4
of the wave pulse), then the probability of transi-
tions n→ n′ is determined by the parameter:
ζtr ≃
√
πξγ0
√
ωcm
ω
τ0ω exp
[
−τ
2
0
4
(2γ0ωc − ω)2
]
(15)
In the paper (Abakarov & Oleinik, 1973) it was
shown that if ζtr ≫ 1 then the probability of
transitions n → n′ has the maximum value when
|n′ − n| ∼ ζ2tr/2 ≫ 1.
From the equation (13) it follows that if the en-
ergy of photons is equal to ω = 2γ0ωc, then dur-
ing the trasition between the quasienergies Qµq,n,ζ →
Qµq′,n′,ζ′ there occurs n
′ − n-tuple photon absorp-
tion by electrons. Moreover, one can estimate the
value of |n′ − n| ∼ ζ2tr/2 using the formula (15) for
ζtr, depending on the values of γ0, ξ and τ0. If
|1 − 2γ0ωc/ω| ≪ 1, then one approximately obtains
that n′ − n ∼ ζ2tr/2 ≃ ω/(π|ω−2γ0ωc|) when the proba-
bility of transitions Qµq,n,ζ → Qµq′,n′,ζ′ reaches maxi-
mum.
In this paper we consider the accelration of elec-
trons for g = −1. However, according to the formula
(4), for the case g = +1, the electrons energy growth
is equal to mγ0ξ2/(1− 2γ0ωc
ω
) and becomes stronger, in
comparison with the case g = −1, at the resonance
condition ω → 2γ0ωc. To understand and explain
the peculiarities of the electron acceleration for the
case g = +1 one needs to perform a more detailed
analysis, which will be considered in a future publi-
cation.
As we have mentioned above, the absorption of
a photon from the wave by an electron may occur
only in the case when the interaction length of the
electron with the laser beam in a magnetic field is
greater the formation length la of the photon ab-
sorption by an electron. To estimate the value of
la we note, that the process of photon absorption
by an electron is formed on some definite length la
of the electron trajectory, when at least the wave
with the length λ may be absorbed during the time
∆t = la/Ve (Landau & Lifshitz, 1975; Berestetskii
et al., 1982; Sokolov & Ternov, 1986). The length la
of the photon absorption is determined from the for-
mula (Landau & Lifshitz, 1975; Sokolov & Ternov,
1986):
la ≃ λ
(1− ~β~n)
, (16)
where ~β = ~Ve/c, and 1/(1−~β~n) is the Doppler factor.
Clearly, in order the process of the photon absorp-
tion by an electron to be possible, the condition la <
LM , where LM is the length of the magnet, must be
imposed. Representing ~β~n in the component form
~β~n = βznz + β⊥n⊥ = βz cos θ + β sinφ sin θ, and
taking into account the formula (16), one obtains:
βz cos θ ≃ 1− λ
la
− β sinφ sin θ. (17)
Using the relation γ0 = q
0(1+βz)/2m, one can write
the condition of the photon absorption (13), for the
case θ = 0, in the following form:
ω =
q0
m
ωc(1 + βz). (18)
Substituting βz, for the case θ = 0, from the equa-
tion (17) into the above expression (18), we find:
la ≃ λ q
0ωc
2q0ωc −mω. (19)
From the above expressions, using the limitation 0 <
βz < 1, one finds the following restriction on ωc:
mω
2q0
< ωc <
mω
q0
. (20)
It is clear from (19) that for the given values of ω and
q0, by changing the values of ωc within the limits
determined in (20), the length la will be varying
within the interval (λ, νλ), where ν = τ0c/λ = 1, 2, ...
is determined from the duration τ0 of the laser pulse.
Let us note, that in the formulas (16), (17) and
(19) the length la represents the length of formation
only of one photon. One can find the length la of
formation of photon absorption for ξ ≥ 1, when the
electron energy growth occurs because of absorp-
tion from the wave of s-photons, and the energy
absorbed by the electron (on the wave length λ) is
comparable or greater than the initial energy of the
electron ((Landau & Lifshitz, 1975). The overview
of quantum processes in the field of a strong electro-
magnetic plane wave is given in (Nikishev & Ritus
1979).
From (4), (6) and (7) one finds that for case when
ξ ≥ 1, due to the interaction with the electromag-
netic wave and magnetic field, the electron acquires
the energy:
∆ǫ = Q0q,n,ζ − q0 = sω ≃
mγ0ξ
2
1 + 2γ0ωc
ω
. (21)
From this formula it is clear that, for ξ ≥ 1, the
energy ∆ǫ absorbed by an electron may take values
much greater than the initial electron energy q0.
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Using the relation (13) for the case n′ − n = 1
and cosθ = 0, valid for all values ξ, one obtains
from (21):
q0(1 + βz)ωc
mω
=
mγ0ξ
2
∆ǫ
− 1 (22)
Using the relation γ0 = q0(1+βz)/2m, and taking
βz ≃ 1− λla , which follows from the formula (17) for
the case θ = 0, one obtains from (21):
2∆ǫ
ξ2q0
− 1 ≃ βz ≃ 1− λ
la
. (23)
From the formula (23) we obtain the restrictions
ξ2q0/2 < ∆ǫ < ξ2q0 and la ≥ la,min = λ. In addition,
we obtain the relation:
la ≃ λ
2
ξ2q0
ξ2q0 −∆ǫ. (24)
The maximal value of the length la is limited by
the value of the laser pulse duration τ , i.e., la,max =
νλ. The dependence of ∆ǫ on la, according to the
formula (23), has the form:
∆ǫ ≃ ξ2q0
(
1− λ
2la
)
. (25)
In particular, in the case when the magnetic field
B → 0, one obtains from the formula (1) the fa-
mous Dirac solution for an electron in the field of
the plane electromagnetic wave (Berestetskii et al.,
1982). In this case, according to the expression (21),
the energy growth is equal to mc2γ0ξ
2. In the pa-
per ( Stupakov & Zolotorev, 2001) the authors had
considered the acceleration of electrons interacting
with a focused high intensity short duration laser
beam in vacuum, by means of ponderomotive light
forces. It was shown that the maximal energy gain
of electrons can reach up to the value mc2γ0ξ
2 on
the Rayleigh length of the order γ0ξλ.
To estimate the necessary laser intensity Ilas we
use the relation between Ilas and the amplitude E
of the electromagnetic wave’s electric field (Landau
& Lifshitz, 1975):
E
[
V
cm
]
≃ 19, 46
√
Ilas
[
W
cm2
]
. (26)
Using (25) and (26) we see that the energy growth
∆ǫ increases proportionally with the increase of the
laser intensity Ilas and the initial electron energy
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Fig. 2. Dependence of the electron energy growth ∆ǫ
on the number ν of periods in the wave pulse according
to the formula (25), for the parameters γ0 = 10
2, Ilas ≃
1018 W/cm2 (or ξ ≃ 6.42), λ = 1, 06 · 10−3 cm.
q0. To give a concrete numeric estimate, we take,
for example, γ0 = 10
2, λ = 1, 06 · 10−3 cm, Ilas ≃
1018 W/cm2, τ = 1ps, we find that the energy growth
has, according to the formula (25), the value ∆ǫ ≃
2, 1GeV (see Figure 2)
4 Relative precision of the accel-
erated electrons energy.
For the case we consider in this paper, the pa-
rameters are ξ ≥ 1, g = −1, and the electron energy
growth is determined from the formula (25). The
relative precision of an accelerated electron beam
can be found from (25), using the following approx-
imate formula:
δǫ
ǫ
≃ 2δξ
ξ
+
δq0
q0
+
1
2ν − 1
δτ0
τ0
. (27)
We see from this formula, that δǫ/ǫ depends on the
relative precision of the initial electron beam energy,
the intensity, as well as the duration of the laser
pulse. For example, taking δq0/q0 ≤ 10−3, δω
ω
≤
10−3, and δξ/ξ ≤ 0, 5 · 10−2, one obtains the order
of the relative precision of the accelerated electron
beam: δǫ/ǫ ≤ 10−2.
5 Conclusion
In this paper we have shown that for Ilas =
1018 W/cm2, τ0 = 1 ps, γ0 = 10
2, λ = 1, 06 · 10−3 cm,
the growth of the electron energy is equal to ∆ǫ ≃
2, 1 GeV , if one is to use the method of electron
acceleration by laser radiation in a magnetic field.
We have also shown that the electron energy
growth increases proportionally to the increase of
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the laser intensity and the initial energy of the elec-
tron. Moreover, we have estimated the intensity of
the laser Ilas, necessary for the acceleration of elec-
trons. We find the formation length la of photon
absorption by electrons, on basis of which one may
choose the necessary region of the interaction of the
electrons with the electromagnetic wave and mag-
netic field.
We stress that to implement the acceleration pro-
cess, it is crucial that for an appropriate choice of
the wave polarization direction, namely, for g = −1,
the acceleration of the electrons does not depend on
the initial phase of the electromagnetic wave. In
addition, as a result of the electron acceleration in
vacuum by means of high intensity laser pulses in
a magnetic field, one may obtain an electron beam
with small energy spread, of the order δǫ/ǫ ≤ 10−2.
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